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NOTATION

I A5, tk* Fourier coeffiien& t eof or der,-i

CD~ Drag eoeffcieset

C15  Lifet coefficient L

CM Thrden coefmcient -

=~C ThFirdt momenI alce~ct -& 3eigeg

M Fhirdt =meat about the leadieg edge

p Local static pressure

Stti pMU ofssre stream at. iafinity

Pe Cavity pressure

S. Dunmuy variable

9 DuJmmy Vraiabits

U_ Th. un form velocity at ~,parallel to :h* ~--"is

-V The zrwmooraeat ofthe pectu-bation talocity

IIV The 16elocity oi the fluid it an pon .a h ls ed +

Jt
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a ~ ~ ~ V AI co.Sleva1 lr C~i

ii

8(z) The Dittrbati deltaucityo

a Th. flepngtha oftefixed otion tof ah flapped-plate hydrofoil

a A complex vanaoble, a

a TOe imagingangl cofrdattcmeaue i ton the direplez ofpnz

Th A i paatereac beweineo the oeati n algl~ 9( ofatc-n heds nl

The Diracle deloafuctityona

4 The iealiar coadiniate in the comiplex ý.,lane

2' The constat fluid density

Per1wrbation velocity po~umil such that

Sub-script .3 Indicates qusatizie~s determ-ined on the body szrfavo

Subscrip4 c Indicates quantities determined on the cavity surface

Unhaw,9d sy=6ols refer to cavitly flow, Figure

fIa~ed :!ymbols refer to ton-cavity ilow, Figure? 2

i.) sytbiizes "ozde-r ;P!-
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ABSTRACT

A linearized tb'=-y is develope2d for steady, tu-- -mea stun i' cavity flows

about hydrofoil sections at two cavitation 2umber. The, problem of calca!c.*ing

the, flOW CkaMS49aistiCS including th* hywkOtoil forces and pitching momeuts is

reduced to as equivaleat PMl2M of the classical this airfoil theory. This eqai. M
valaieee is used to iny-medgate the characteuistics of hydrofoil shapes of practical

importance. In particular, the lift, drag "ad pitchiag moment agre to easgt, Of

:r.Speciflas&
The linearized ibeory results foir the Ilt" plate awe shows to bet eqal to the

afacrstarde(i anlapo attaeck)met= of te, nc theor results.etfh~fi~hp

b(TRODUCTI04 .
II ~~With the increasing speeds aofVI n veS4 veslsad aUdNrWat Missiles, effeCLS Of cavi-

tntice become increasingly important. For suffciently high speeds, the design of propellers,

piano control nsurfce, &ad main saprtn toils "ie information r~~rc the fiores

i and smoenat. derrelopid on lifting surfaces with fully developed, trailing cavities. For su-ý
I faces of moderate aspect ratio with sufficiently long eavit~es, much of the necessary design

informatiom womld be obtained from studios of two-&uwasiont! bydrofouls operatdagt at zero
cavitation numbeor, that is, with a jxessure in the cavity equal to the pressuare of the undis-

twbed stream. Sock a study, utilizing a first-order approximation linearized thee"y, com'prises
the content Of the jzesmt paper. 1

The actsal problemr being considered bare may be stated in the following way: To Aind

the ift drags and pitching moment about th'a I- ung edge, of two-dim'ensional sections

immersed at an angle Of attack, in a ZnIoMM, i~fiatitP, steady. inviscid stream. for which it 2:5j assumed V-,"~ cavitation occurs vhes the fluid Mresure rcc the surface of the body becomeos4

"eq1a :0 the pressure of the undisbarbed stream. For such a nlow, the cavity extends to in-

I l finity. The hydrofoil sections are assumed to be ci almost arbitrary shape; the only sp-cifi-
cations arm tba. (&I they have sharp trailiag edges and sufficiently sharp no-Aes so t.hat cavi.

tatlom occats at ba~h the lesadig and trailing edges,(b) the section is sufficiettly thin so

that its upper surface ties complately it14; tCaV-ity ahich springs fro-m 'he leading edge

-ad thus does not play a role in the detamm#ion~o of the flow Pattern, %ad (c) the slopes aind

curvatures of the coctions' bottoats are sufficiently small to allow me~aningful reiult.3 to be

obtained from the linearized theory. Although the problem is onzSidfered for Ill 1r"CtioDS
meeting the above specificatons,*the derived r9sUlta wte pbysically meaningful only for those

sections for which thre decised pressures on Ire bottom surface are nowhers less thatt the

pressure of the stream at infinity.



Efltherm~atlev~aaucs in-esdo.-as whiich are Pecti~efit I- tao pr eset probioer (see

Re.ference 1, Chapter M1 sam &Lnot &.11 concern~ed *t)h.exact. solut~ions.. Of tý,&: work which

is am~ rnialy concerned with matiiemaueca.1 existanc, and haaiqu~eness ques Jons,thwok

Li-Civitais paruialarivof ia L;ee "o Chapter xXI of Reference 2 for in excellent (fs-.

cession. Levi-Civi' ceasders an iav--s opt-Wan and obtains resewits which allow the cos-

stmctdon oP '1c-v lik those cousitleid here, but without laitial specificalkL i h m hyckolbi1

shape. I- .ogad to "h practicalsolst~ice of the present problem, there b..a a litt&!*

N-ifgrse beyoad Le'vW-Cvita's work. U. fa as exact solutions in closed Ibn. .e' n~ca-ed,
then, the goacral dizectprobler, which is sonlinest in saftro, r~matu. 3irsoi- Ais fact

suggests the derivation ot ~peo'xiaze thax.y. C~ossideriag the asature of 4  dt a

iqtvolyed, afirstonlearlisaerised t.-.ory identical in its approx'meacaas to lie now clAas'caLI

this airfoil thocry, and similar to the !izt-ci ted theory alredy developed for symmetAi; two.

dimiensional cmxvity flows (see Refereace 1), seems espe-ially Wpropriate.

LflCARIZED YHEORY

1.v. be as,`lto considerbocathe inesr- zed version oithepresent cavitatioa

p-. ;e he classicsi pro~iem of Whs uirfoil theory, Sor which the solution has toast Seo"

Thu-% consider tke~ftows sckeazicalty illustzsed in Figutes I and 2, and let

V "iocitvof nui a&any point in the low field,. + v

0 perturbadzoa #elocity,

w~v -Z and y mr~ponests, respectively; of ,,

U - u~Mitorm velocity at -. parslle to Vksay axis,

-local static pressare,

0 . casvi"uti nlumberesi
"I

6 - pecturbation %-iocity potential such that r - .4

SUoscflp( 0 ishcaLes qua~ns.:,s detetrrnend on 4-e body surface,

Subscript c iaticiats jusmt.:it- determined on the cavity siurface,

ljnbaz sN-bcas refer to Uhe csiiiy (lo, Fgirjel1.

Barred sy.cbol4 -efer to ,he 3CcsVn=V Plow, Figure 3

0 ,bltm"r~ra.
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On the airfoil, the stzsaw-lisa, slop* if Spocified 06 the top hy

ftppr 1. 70 7ppr

and on a*. bottom by-
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CONF WOE 'AL 4

on the "ll o01 he hydrofoil's cavity, tl.e stasc prs-sure and thus the csvitauon num-

hbr am specified. Frrn Bernoull's cqmation it follows that

It rmay b i•f•rred from the Cauchy-Rie•aa eqations that th. portiarbatiot velocity
ehanges very slooly in space it streamline slopes and s-arvalm s snul, so that some

justification exists 5wr satisfying lizearized boundary conditions om the s- (or ;-) axis instead •A

cat on he this bolie. At this point it is not profitable to attenpt fvAhe to justify he apro-
ximatioes involved in the lizestiza&do, but rather to provide farther justification th,' a com-q
parison that will finally be made between exact and linearized results for a particilar case

(pages 9 and 10).

The liae.-iz:ed boundary conditions become
dy( V(,Z 0-) 1 0 <(a)- --. ,-; 0sa(a

0 2+
* 0.•(a,0-) 2 o•;

6•.• 0.); 0<77>2a1 ((a)

- w

Finally, thee, the linearized problems may be staLed: To find the harmic functices -
efa, •,l aad (;S, lh.as• gra.-..nts in I.e limit vaSzih ar=-wh~ru :a a cire!* ofa , 3."Acien-1

large radius about the crigie, which satisfy the boidacry conditions of Equations [Is], 12a],

[3aJ] (which awe incorporsted in Figures 3 and 4) and which, for the sake of physical reality,
produce smooth flow at the points Is. 0-) *ad (1, 0). In Figure 4, the asymmetry of a(;, j),
which follow- ftns ýhe definition of a( y) just given, is used to specify boundary ccaditios:

S~on as entire .i-wds.

conditions wy be satisfied by a suitable distribution of vxrtex singularities placed on the
iWrvl 0 < < if. The streangthof the disuibuted vo'.ex singularities is proportional to

0(-;, t',. An int.- l equation is t..n obtained which relates ;(.F 0.) to tJ, airfoil s"ape.

it is

f a
I

_ _ _ __,1•4

___
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IIt

L~ d0 1.

Fith of it
*l iai. a x'

Figure 3 - The Linearized Boundary Conditions foe a Cavitating Hydrotoil, w 0 0

(1, 01 !L0_

{ •'• , Fin~~fall lt.

or 0i

Figure 4 - The Linea!zed Bonuadary Conditicas for an Airfoil. No Cavitation.

The integral Equation [A] is conveniently solved by Clauert's method (see Reference 4.
"Chapter VII). Useful results of the solution are collected for reference in 4,ppeadix A.

THE- HYDRCFCZL-AIRFO.L EQUIYALE' CE

It is now to be shown that foe evry cavitat:iz bzt; l problem of t.e t.pe juist &s.

cribfd, an intimately rla&ed thin airroil problem exists chose soluuon rray readily be Con-
Sve-tad into the solution of tJte hydrofoil problem.

First, recall that the complex velocity is an tr, alytic functioc of thecatplex space

coordinate:
Ii

U (.r, y)-ir (r A - f (z - i7) - f(a)

alJ tbht the 'unction Y(i) MCrated froc, 1(j) by a confor-ral trnsfAo-at,•n of tho z-.pace to a

3ew, say, ý-space is also r complex ýelocity.

S- Then consid-r the transformation

-ff
i i .4i 8i
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wh:;wb Lanatorms the top of tbe~ positive z-a.ijs into the nes -i axis, tk.. bot~om of :.e
posi~ve -.aisei into the positv us 4axz, an~d the entie *.plazit. exc~u,%.ve cC the cut ?os1it's

z-axis, into the lovie~ halt of the 4ý.plane.

Thal flow pmobem, schematically illusaUled as Figure 3, is i)Oven as a comtplex .anable,

problem ia the origiml s-plane inm Figure 5, and is show* in "h traistormed ý-plsiie inri veiO S.
It fdllows brm a cosipatiscom of F~gures 4 &an 6, that the problem represented in F'g-

mrs 4 is exactly a Will airfoil problem. The airfoil .quivaleaL : any given hydrofoil is one

Sch that (using the ilitiail 2otatioM lbC the airfoil flow):

OW)) V(S) ;(-z

or, [61

(i2); iV2).
di da 4, 7;

- ~[7)

e*tef at 3r.'. 1 0

%I 'S 4V.Wt

Figure 5 - The H~drefoil Probler in x-space;

:-Ploft;.

%-Mtt .761e e *ceet at to

.40 S-Aqygarty3

Figure 3 The HId&otoil Problem~ in ;Space, -,'7

CONFIDENI~IAL
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b.TohdoblO h"y Z+6" 0< ) jy.Z() a+2Z s'%.'n

to th juroil f s~e jo 5/32 , 0 < Z 1F IDd ! T(;)
Asaceeuneo h yrfi7ifi qiaectelNdaadptl~

b.~~h dr ~dobi sage y0 f3* b. (0 J, 1), 0d ,d:)z) 6 s~qaa

momen of a h eoi mom~ent ao%,d the Ceataingege( zhatnacsof themlouisaen irol

The~ lift L 0-) - pIx, 0+)] dz 8

0

Uslig the linearized Bernoulli equation and nondir'ensionalizing, these ePrt.:!ion3

become

C- Le 2!"-Z f 0(:O d,

00

.S

1,dy 0 w2 20-),

fhege coeficienvim~y be exre:ýsod a *nso ui--- nLearolpn

*L f (,- L-4-1O3:i;

-SFIN 4 ____

4r.U
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MCNIFIDENT1AL

V. 2

--

c 4 4Pr , 0-) d0 110b]
Ja 2  

V.i
0

The excessioa for the dra•g coofic.tet may be brdthec xkcad by using the ms5it con-
tained in Equation [A]: --

CD. di c1 di 19

Using the identity 1... -
*-.

20 4i(; 0

or

-CD 2 J~ -f i(l, 0-) di]2

Fotr the equivalent airfoil:

Tne lift L - 0- 0

The momnent Vaboet the leading edge (~count~eclock*i so)4

1121

o

T"e third ?,ornea;. i i . [(p n- (l, 0 _),'a [131)

Agsin using the linearized 3er-•oqili ecqation and nondi.-ensicaslizig, tihese ex-

pre5ssions becomo:

CkiDE1l " IU 1AL

f- n ma

• •-•• • •_.••::•---• -' - •.I
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'I ;•r' -l=r 2I

C "3  t 4 (2,o-)._ ::-al

A com~parx of Eqtadons [8b], [le], and [10b] with Equaio3 [111a], 012aJ and [13&]

,ields tlhe 5llo-ing ideatities:

[14]

These results, together with Equation [6' which defines the airfoil eq.ivalent to a

given hldrooil, completely accvntplish the reductioa of the hydrofoil problew to an airfoil

problem. 7hey will be used is the rollowing sections to study the characteristics of the

supecavitating hydrofoil.

THE FLAT-PLATE HYDROFOIL

The case of the caaitating flat plate at ai angle of attack a is particularly inmresti-g

since the exact solutioa has long been kzous (see Reference 5, Chapter TnV) and because it

pmriI4es infomadion oa .urces and moments due solely to angle of attack.

The exzct results !or lift, drag, and pitching --omneet are:

4 •sina 2

CM(exact)~ Crsin a 3 3Cosa IM00) 8(-'.'sna--0(I=vsm[1 I](4 *.sina (2 414-9 'Mae) 32

C. (exact) - C,. (exact) • u,,, a e•_..=o0(a3) (19,)

According to Equaton [6], a-d as his beemn :oted, the Ilis-pi atm Ndro•oil at ainle of

atzack a is equivalpat 'a a OLat-plate air!o.! t. angle of attacka. it is eas-Ily sho'n, using

resJths of .he th!ýM aifoil theory, (lee Appendix A') '.!at

CL (linearized) - O(ineariz%%) .I-M!17

CONFIDENTIAL. II•

)-
!a
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CM 'linearzed) C•V (linearized,) "--- r :.a.

CD (linearized) - ( eLf(inearized) ".a9_)
8w 8. 2

The shape ot :he cavity may also be determined. It is shown in Appendix B that

a 'oil of unit chord:

y, (Iinai ze aupper) -a a + I( 2 ,,) I Y =V3
L 2

+ I I+'.-2• -•] > 0
T 4 \r- -1.)

120]

yetiea,-r-ed; lo,,er) - z -1 (2 v7- 1)

2~

y,(exact) -y(linearized) + O(a*2 ) [201-

The fact that the liae-aized theory, as applied here to the case of the flat plate gives Z

results for forces, moments, and cavity shapes that ams identical with the leading tarm in the

exact solution expressions for co•iesponding quana:ties, is an important justification for the 4

linearized theory and, in addition, provides a check on the correctness of the hydrofoul-

airfoil equivalence results.

THE FLAPPED-PLATE HYZRCFCIL

Because of its usefulness as a control surface, the confiz=rtion consisting of a 5dro-

foil %ith a hinged or flapped .ter portion is of particular interest. As a particula case, and

one revoaling the effect of .Soe l-p size on the flap effectiveness, the flapped-plate h)bdofoil,

as shoen scheriaticaill, r Fitre, 7, *ill be dibcussed.

It folloxaa rmn EquaL.ions %V' and [A81] that

A. )i 13412.t.A sin '0& [-2:;

ahe~re

CONFIDENTIA L
[3.

II
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Fipm 7- Flape.d-Plate H)*ofou1

Tbea, r-sii EquatiOR3 (A311, [A41. tASi and Equa~tions 1141, t15). 1 161,

CL c1w.x(A + A -~.~t.v9.sine4(2 -Cose 001 t.u]

32 2

J L $'A +4A 7A32A4

-~~~~~~Sr*) cetfa, o hchtelftefci~.n~ 9A -sn 2 0as + in 30 - S:ive, 14 -.91~n

the * qunchc anitoe (C.14) and (d ~ie 2ths 124 a wem bas a 3 !afunction of if oflapcedt ror an

in ia rv .e is *-mn eo be tod~ notpermor.t isw anf effecxtivnL essifall, rapnsad *Aj~ !AMi -

cent f& hc the laa~odig ft h~of oil openasis n~ apti." has ia lift cerf~ficwtivns .. 1r 1ach dpor

of5 a the hyflppdrfoil efetvnsshasi zmi.%.htes~ato o ouaiiL1

MUG.4
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Ftugd P~rton Fl rq

kC

IL 0. 0 6 0 8 09 t

*iz Lift and k~oent EffecUYiess for !'iaoped-Ptate llydrofoal

LCV-DRAG thYDCRFO'L3

Theo sp~eir'cation af hv~koCils wlt) too cavitation !.- 4 is a pmblemi of zrvtt practical
n'pottauc.. Because :he drag may be ie'.eral 1i-es larger than necessary on am ý:rpmperizv
ieeiged configursdon, the succeqs of hiigh.-Vpe.d N%,4ofoil boa-- and, parti~ul"N'v suiper-
cavitatig screws may *eil de~pend 3--v the prvow ch'oice of the n~drofoil sections.

It is of i3;,rest rfirst U) deuwct,.10 the ~~~nCo (the lift 'tcefficienit beingi specified)
tot Lhe class of &I'. possible eai~ati~lj h'.drotols. Irk it%-* of the h% drofod -airfoil equi-alonce,

%problem bectgnes one of dew".;iniz Ohe -*3amurt C. (the -roment cc-elficier~t b.*ing speci-
fiid) tot the clsss of 0l possibIt iirf;il:! on whese !ow-r A'zrface the pressure is aov 'ýere

4i I.
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1.0 1•
Fig=* A0 - Optimum Low-Orsg Pressure Distriblaios ca Eqaivalent Airfoil

For this optimum press•ue distribution,

Ni- . ,_e:j

Then,

CL=C ~

CD= 1  12-91

a (301I c

This optimum may be eompared t ohe lift, drag ratic of the :IA plate, which, as has

already be indicated, is an inlfeior eectica.

(2) t.31]
lDat p~late

It is of impc'.wanco now to specify a family of hidrofoil sections aiti relati•elvy ow-

dral charac:teieties. Such a family is ace wbh•%e equ.iiIent airfoil friily is descried by

Tbt,.o s.ap." ",e chosen from a rore genecil hliily in such a w*y that tbey have a

tnirlu drag and still hive pressure distributions such that the bcuom pltssiaes am at no

i-1

SA
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-i Lw-in ;ho: ýo :ýrtmm. pre-A-ure. T~e pn era I fa& I v des'l, %ih im t* ..

quialmtairoil sj-il mi suto hApes s--ch hVy.at i .- CO 2

For L'iese low-irtg -s-hpes,

CL 1A, 3

135!

3 64

The shap of the coirresposdag h-drolo~i family is

I -4 SA.) (3bj3

for which SA

6-41

139

CL .i-~i (' ei atr~ini-it degign C. I 1

Equat~na Ij ma be tr7-I

4 C

-jj

Con-pari3oiI of Uhe drait ch'r'.'rtics v! thege !o*-tL~ga- ir-ozi With ZhO~e Of A f~

CONFIDEATIAL
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0 0

- ~~~.43S5 04 _____ __________

M4.5' 040 h

- CA=
o 1 rOO 63 O

:-0.

02;I I

* 40~ Ol OLZ 0.3 064 0M5 O. 0.7 as8 0.9 W2t
Uedm~,.aiO-tfenCe frosm LOW"v~ Ed". a -It 4

Fig"r 11 - Law-l~g Hydzofl:O Sections

It is to be noted tkAt the lift/.drag ratio calc~zlatod (Eq'aaL~oa (41]) is only obtained
whoia the foil is operatng at its design Lift coefficient., !oc which, incidentally, the flow

enters "h leading edge witboat Stagnating (so-called "shock-free" eaty). Foe angles of
attack less than the design angle, the foil will probably aytatt% on 'he lower side and the 3
lift will probably oe reversed. It may thas be desirable to operate a toil at some angle oz
at*ack sligttiy larger thana the design angle. For suach a case it may be shown that

2 *~. .~CL

where o*is the 6iffemec. between zhe operating angle of auAck and the design angle of

attack. These ra..oa a,-e shown for sevetal mecmbers of thf. low-drag family in Fisiae U.
Larginrese in drag 'ýesttlt *bee foils ame operatod at anles or attack substantially
larger thaa the design angles. Neveriheless, cxiitatioa drugs equal to --r even less taan the
magnitude of the viscous drag of one hetted surface can prob~a~y be obt~ained in a practical
desiza. T'n-L-, ft-= t'%a za-g pcint of view, supetcavitatirg co't:-.-,3ations may be designed

wtzh ~ ~ ~ -W ar:i'cs %tvn~ror :0 :.Nos* of -Oncaviurtins confliurations.
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SLAII~ARY

I. The linwaized theori is tmaningful first-order theory for calculating the chuazcteris-

riec of auporcavitszisg )iydrotuls at z~mail sagles of attack. The ;utificatiou for this con-

clusion lies in the rv-usil. that is the csa~s of a flat plnte at twro cavitation number, the line&-
rized result for cavity shape fotiforces, wid 94ching amomet is actually the first-order term

in in expansios of the exact solution in powers of the angle of Attack.

hydrofoil section cnbe reduced in a simple P-twer to an equivalent thin airfoil problem.

Simple relatiacsliips exist b.atoonn l IN -l"f , and pitebing moient of the hydoloil, and
the moet lift, and third mocies& of the equivalent airfail. Pffective and practical existing

miethods miay be used to solve the thin airfoil problem.

3. The lift cav Y Ad MOMen1t CWn'e slope3 for aL flat pWat at zeoM caVitabosa number ame,

respectar-ty, tv/2 sad 5r/3"' as compared with the correspondiag valuses for the woncavitating0

fla. plat* of I* and r/2. Tlese values also represnet the lilt and momest effectiveness with

respect to angle of attack of --ambered sections.

flaps larger than 41 percent chord is as &-eat or greater than the lift effeectavftess of an un.

flapped toil (r.&t plaws).

5. The cavitation drag accomrptayiag a given lift is very rnoch deip'Mdent --a the hydrofoil

shap. As absolute minimum drag existi for aay gives lift. kdl practical hNvIr~oi;s must

have drags larger than this aS--ollate minimum, which is (C0).L'-

S. For all size flAps, the generatica of lift by flap defllection result~s im less drag than the

"gr-=!=-! U."if by angle of attack chanaes. Thus, from the cavitation fri4 standpoint, the

flat plate is as inferioir h)*dreoi section.

T. The gvzoratioe of lift by the cropwe 3bai of camber resuilts in le~qs drag than the genera'.

tiona -i lift by flap deflection rme PrCuiral size i'aps.

S. Cambered hydrofoils ray be degigned 'or drag st*raxcn' !or which :toe cavitation
drag at moderate lift coefficients is approxia...v. this zaie As Lhe viscovs dag of uce7

wetted Aurface. Thws, -4utercivitatiag ccnflgurstionoi may probably be de's-ze ait drg

characteri stics 'ict esseftially 'infwric to Uhose of noftcaviLatiig confijrtws.*

9. A fst~ilv of relatively low-drag hydrofoils aad their thnocretical characleristics are

presented in the% present papper.
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APPENDIX A

USEFUL RESSILTS CF THE L114EARIZED 41RFCIL THECRY

f IjTie notation of Figure 2 %ill ',,e used: in pirtkci!ae, the airfoil ardhinte ;( is

measued mormal to the free steeoi direc-ýon. This notation differs from that of Glauart,

(Reference 4, CkaptarVII) wbftre Cho airfoil ordinate is meam'ared normal to th. chord lif. and

aceounts for those differences betimene --he ptasentation below and that of rGlp

and it is as -u o th" L

co + i!a.

i:i r-+ .P,0 J-

then it follows that

- (A3A

I ~~C SA +~j21 3 (s 7A, -7A + A3--A5

It also follows from -tuatia [4] that,

dj,.
COSCON FDT.AL

T( e e t hi ai4 foi Ca�m bt e�1 i) wt�os h r oil o r eate i os pe r ito the m al c hoa Miln lt

: t~~~~~~~pessura e disuiste adif'e~e r t~esalt .'o he s a ,•&- .ioe a bl ows.•to IF

i • g isM.•z~d ~kI

cot - ÷ [ .1. in - +I
(,+, 0C..) -• "T AL

thni olwIht:

- -*- - o t 3
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t ~APPVWDX B4
WAKE SHAPE ACCORDiNG TO LINEARIZED AND EXACT THECRMES j.

LJEARIZED THEORY -or au|
S~~Accordtin to A*o assampcios of helinearized theory &ad using the motatoe of Figum• i

dy, (upper; a). ,(, 0-) a0
da V

by, (lower; 10) D (,-) [)

do V.

from which it follow, s

y"(pp.r; 3) 9(t, 0-.) dt

]0

The problem ot 1landing v(, 0.) sad a(', 0-) for hte h)y*1ool ay be tmasfrotmrd into the

problem of finding ;(4- 0) in the airfoil piane. Making use of tbe transorwadou, Equatioa [5],

Equation (B21 then bee ome

yo(upper. a) T (;~ di

- [82]

36(V -*r, z).-f i(L 0% UT1

The problem of finding 0(i. 0) rot a nlat.plate airfoil of unit chord a& £•g!e c attack t

may be •ol'ed by a mapping technique. The haage of the z-axis in the codjigae comiplex

veiocity plane is a polygo. (see Figtre BIl). It May be mapped o30 its image ia Lbe ph)sizal

piano by akitzi•.5e of a S A r-ChristolTel Waatorrnadoa. Tlae mappizg functioa is Jhe.

*he solutios of tbe xaeset proble since it provides a relatioa beweea t!* velocity 000.

ponoaLs nd to physica space coa.ins{s.

As the polygo in the complcex velocity piane is tV8sed from 8 to r to DOW A to

8, the regi-mon the right is to be i:.saotmed into the lo*er Lail o( the phsica plame. Tb.

veeticos at the polygon 8COA3 &:e to be mapped into the points 0 and I in 'he physical plane.

The interior Lng!. at C is , Lhq iozcr aig,4 sz B i3 - 7,'!. T'e ,apping fuactio% is then;

.B4
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TPIdi ai Egig S

Flat P1to of A".$* of Afto~k.

S ,

SS

Figure BI - Flat Mua Airfoil -.s Physical tad Complex Velocity P!%-.es

of' V a'IBS]

The constants A and 3 we de~sr'-iied !o .hat 3(1, 0) - L.. i and P-) -0. T!em

Thus
A !' ' t L

L i-
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Substituting Equatioe [B71 in [B3], ,

II
I, (ower; S--, 0 < 3 < 4B[)

EXACT THEORY '
The exact wake suape in parametric torm is easily found by making use of the re".•s•.

of the exat so:tioo as prmented in Refazz..a 2, CUlte" X!I.

In di- present notLi#cn and assuming a plaie of jaiL chord,

[IB91

± ,I i,2a 2 7 . < C -

i:it • 4• 4"sa [•-' 4P -1I - v] Z [B)14 1

si (lower) a cCosa -• - 1) 1

sin a Cosa , .,.(__

where 4 is a pam'•er.

Expaading Equations (B91, [1310), and [Bill in a pcwar sivies in at,,ige o" a.ac,

[< "! r,, In< 1,•-) "
1.2" ) - ,,, 1 4 -< 4

TI] [Blll

,B'

r T-i inl +

I

B-4

CO D-

-4JET
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IFin~i~y, jixm elimination of th. p~ttrneer .~frvr Equat~cus IBl21 [B141, di. IblwIing ?esIuiL .- btSI2#d

y i.(hne*A zoo) is given in Equaataoa [8 81.

A
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LISTING OF Uc.EFUL THEORETICAL RESULTS

For cou.vesince, At most usefia Uworstical resultsar li sted below:
11106ticship bootwosa lydoo(il shaps and equivalent airfoil slope:

-- dy* dy,[6

Relalicsships betwife h).drooil, forces mad voumms, and equivaleat airfoil forces and

CLiC - l 141 z

Fore.., pitchiag momeat about loading ed*, and lift/drag ~aotra flat-ao hydrofoul (*uO) s

CL [17a)
2

NW Is

C [19a]

Fare". aad pitcliag moment about leaclig edge Tor a flapped-plate hydrofoil (~ 0) ("o.
Fig-so T):

CL Oj1 + sin 01 (2 - cos 6))] (241

CM 32-LS~-O) +14 sin & sin 20,2 !;ix 33, sina 40,~ [zs

CD ti + si 0,41 1~~261

where

4' I.( ma &0 (23]

Optima". hydrofoil lift. dr~ratio (.7 0):

D I

CNIOMM
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Lift/dr-g *Lio fro relptively low-dr'ng hydrofoils (a .0) (see 'igipre I:):

D (42J

1br Ldi h deuignaif coefficient sad m' is tedifference between the opaswiag angle
of attack and th deuignangle of attack.
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